The negative-AND (NAND) gate is universal for classical computation making it an important target for development. A seminal quantum computing algorithm by Farhi, Goldstone and Gutmann has demonstrated its realization by means of quantum scattering yielding a quantum algorithm that evaluates the output faster than any classical algorithm. Here, we derive the NAND outputs analytically from scattering theory using a tight-binding (TB) model and show the restrictions on arXiv:1806.10682v1 [quant-ph] 27 Jun 2018 P.W.K. Jensen et al./Molecular Realization of a Quantum NAND Tree 2 the TB parameters in order to still maintain the NAND gate function. We map the quantum NAND tree onto a conjugated molecular system, and compare the NAND output with non-equilibrium Green's function (NEGF) transport calculations using density functional theory (DFT) and TB Hamiltonians for the electronic structure. Further, we extend our molecular platform to show other classical gates that can be realized for quantum computing by scattering on graphs.
Introduction
Quantum computers process information according to the principles of quantum mechanics with the advantage of solving certain problems, such as binary addition and factoring integers [1] [2], faster than classical computers. Quantum random walks have been suggested as a key component in the development of quantum algorithms for quantum computing [3] [4] [5] [6] [7] [8] [9] . Any evolution in a finite-dimensional Hilbert space can be thought of as quantum random walk, however, it is clearest when the Hamiltonian has a local structure as in Eq. (1) . An example of this approach is the seminal work of Farhi et al. [4] which shows how the classical NAND tree, illustrated in Fig. 1(a) , can be realized for quantum computing by scattering on graphs. A NAND tree produces a one bit output at the end of the computation and any Boolean function, f : {0, 1} → {0, 1}, that has output m bits can be computed from the composition of m NAND trees alone. Hence, addition, subtraction and multiplication can be computed using NAND trees. A quantum NAND tree where each node (black dot) correspond to a site in the tight-binding Hamiltonian and the 1D-lattice is running from -M to M where we will take M to be very large. A particle is propagating from left to right, where the amplitudes of the incident, reflected, and transmitted particle are given as A(E)e iθr , B(E)e −iθr , and F (E)e iθr , respectively. The quantum NAND tree, illustrated here, has four inputs {Y , Y }, controlled by connection/disconnection states at the top of the tree, intermediate NAND outputs {Y }, and a final NAND output {y}. The inputs and NAND outputs are given as amplitude ratios between two connection states, input(Y = b/a, Y = c/a) and NAND output (Y = a/d), where the letters are amplitudes, a := a|E , . . . , e := e|E , at a specific node. The truth table for a quantum NAND gate (right) with bits {−∞, 0}, and setting −∞ := 0 and 0 := 1, renders the truth table for the quantum NAND gate equivalent to its classical counterpart. (c) Quantum circuit representation of the NAND tree.
The classical NAND tree has inputs, intermediate NAND outputs and a final NAND output, as shown in Fig. 1(a) . The inputs come in pairs and for the classical NAND tree, illustrated here, the inputs are (0, 0), (0, 1), (1, 0), (1, 1) given at the leaves. In general, the number of inputs is 2 n /2, where n is the depth of the NAND tree ( Fig. 1(a) has depth 3). The intermediate NAND outputs are given between the inputs and final NAND output, thus in the example of Fig. 1(a) the intermediate NAND outputs are (1,1), (1, 0) , and (0,1), and the final NAND output, the bit at the end of the computation, is (1). Farhi et al.'s [4] schematic representation of the quantum NAND tree is illustrated in Fig. 1(b) , where each node corresponds to a site in the tight-binding (TB) Hamiltonian. As in the classical case, the inputs to the quantum NAND tree {Y , Y } are given at the leaves and we control the inputs by connecting/disconnecting states. The intermediate NAND outputs {Y } are given between the inputs and the final NAND output, and the final NAND output {y} is given at the bottom. The bits in the quantum truth table are {−∞, 0}, and setting −∞ := 0 and 0 := 1, renders the truth table for the quantum NAND gate equivalent to its classical counterpart. For the quantum NAND tree, we measure the final NAND output, {y}, in the transmission coefficient. If the incoming particle is fully reflected the final NAND output is (0), or if the particle is fully transmitted the final NAND output is (1). Farhi et al. show that the run time to evaluate the quantum NAND tree, with a quantum algorithm, has a lower bound of √ N with N = 2 n (number of leaves), where the run time for the best known classical algorithm is N 0.753 [4] . Thus, the quantum algorithm evaluates the final NAND output faster, which could enable investigation of systems, that are impossible, or limited, with classical algorithms. Fig. 1(c) shows the reversible circuit representation of the quantum NAND tree where the qubits |x 1 , |x 2 , . . . , |x 8 work as inputs to the quantum NAND tree. The quantum NAND tree operates as a sequence of multi-control NOT gates where the bit flip acts on the output register.
Theory
For the quantum NAND tree, as suggested by Farhi et al. [4] , we describe the system with a TB Hamiltonian with nearest-neighbor interactions. The single-particle Hamiltonian in the site representation, {|r }, of the atomic orbitals reads,
The first three terms sum over the states attached to the semi-infinite 1D-lattice with site energies and coupling elements given as α and β, respectively. The discrete basis states |r , where r = -M, . . . , M are the lattice states and we will take M to be very large. The last term,Ĥ TREE , is the TB Hamiltonian for the NAND tree and is defined similarly to the first three terms with only nearest-neighbour interactions included. For a semi-infinite 1D-lattice, the momentum eigenstate and eigenvalue,Ĥ 1D |θ = E |θ , are given by |θ = 1 √ N r e iθr |r and E = α + 2β cos(θ), respectively, with θ as the incoming momentum. For each θ ∈ R, there is a scattering eigenstate |E of momentum θ, and from standard quantum scattering theory (QST), the scattering eigenstates are given by,
where the NAND tree is located at r = 0 and A(E)e irθ , B(E)e −irθ , and F (E)e ir θ are amplitudes of the incident, reflected, and transmitted particle, respectively, expressed in the {|r }-basis (site representation). The transmission function is calculated from
The amplitude function of the transmitted particle is given by,
where the states |r=0 and |root are illustrated in Fig. 1(b) . We have assumed equal site energies and coupling elements, setting α = 0 eV and β = −1.0 eV (see supporting information S1). The quantity y(E) is an amplitude ratio of the scattering eigenstate |E between the states |root and |r = 0 and gives the final NAND output for the quantum NAND tree. All information regarding the tree i.e., the structure of the tree, coupling elements, site energies etc., are contained in y(E). Letting E → 0, depending on the leaf structure (inputs), the final NAND output, y(E) E→0 , takes the binary values,
For the final NAND output y(E) E→0 = −∞, the transmitted amplitude coefficient equals to zero, F (E) E→0 = 0, and we measure the final NAND output (0) with a fully reflected particle. For the final NAND output y(E) E→0 = 0, the transmitted amplitude coefficient equals the incident, F (E) E→0 = A(E) E→0 , and we measure the final NAND output (1) with a fully transmitted particle. We evaluate the quantum NAND tree by starting from the inputs {Y , Y } and moving down the tree, as in the classical NAND tree, and the bit values, {−∞, 0}, are the result of amplitude ratios between two connection states and by letting E → 0. For example, the input and NAND output for the leaf structure highlighted in Fig. 1 (b) are given by (see supporting information S2),
Letting E → 0 + , the input becomes Y = −∞ and Y = 0, which results in the NAND output (Y = 0). The other inputs, {−∞, −∞}, {0, −∞}, and {0, 0}, differ in leaf structure.
While organic molecules are not normally included in systems proposed for quantum circuits, when the quantum random walk (the evolution of our system, Eq. (1), can be thought of as a quantum random walk) is recast as a scattering problem the formulation is reminiscent of systems previously studied in molecular electronics. The assumptions outlined above, however, need to be lifted to approach a chemically sensible system. In most cases, a molecule cannot be treated as having the same coupling elements and equal site energies across its entirely. Here, our goal is to realize the quantum NAND tree in a molecular system given realistic physical limitations of molecular platforms. Earlier work for realizing Boolean truth tables through molecules have suggested organic molecules and TB Hamiltonians for computing inside a molecule [10] [11] [12] [13].
Results and discussion
The first question as we move from the model to a molecule is whether we still have the value of a NAND gate function encoded in the transmission coefficient if we include variation in coupling elements and site energies throughout a quantum NAND tree. In Fig.  2 , we show three different leaf structures, A, B, C, that are three different inputs to the quantum NAND gate and their corresponding NAND outputs. As previously mentioned, the input(Y , Y ) is given as the amplitude ratio between two connection states, Y (E) = b/a and Y (E) = c/a, and the NAND output is given as the amplitude ratio Y (E) = a/d. Cases 1-4 differ in their restrictions on coupling elements and site energies, and shaded green backgrounds indicate that bit values {−∞, 0} are preserved. The bit values are required in order to have a NAND gate function preserved in Y (E). In the simplest situation, case 1, coupling elements and site energies are kept constant with β = −1.0 eV and α = 0 eV, which is the assumption we have used up to this point. For E → 0 + , all inputs are bit values, hence the NAND gate function is preserved in Y (E). In case 2, we consider arbitrary negative coupling elements but site energies are kept constant. For E → 0 + , all inputs are bit values, hence the NAND gate function is preserved in Y (E) and is independent of coupling strengths (see supporting information S2).
Next we evaluate the effect of variation in site energies. In case 3, we consider arbitrary negative coupling elements and arbitrary site energies, thus we have removed all restrictions. For E → 0 + , none of the bit values are preserved and the NAND gate function is not preserved in Y (E) (see supporting information S3). In case 4, we tighten the restrictions again, considering arbitrary negative coupling elements but, depending on the leaf structure, the site energies are either restricted to zero or allowed to take an arbitrary value. For the leaf structure B, the site energy α b is restricted to zero to preserve the NAND output (Y = 0). For the leaf structure C that has the NAND output (Y = −∞), the three site energies α e , α f , and α a are all restricted to zero to preserve the NAND output (Y = −∞).
From these analytical results, we can conclude that the NAND gate function can be maintained without restrictions on coupling elements, and site energies can be varied, depending on the input. With this relaxation of assumptions, we will build a model molecular system for the quantum NAND tree. We can map the TB model onto a conjugated molecular system, where we treat each site as a carbon or nitrogen atom in the π-system and vary the coupling elements to model the single and double bonds in the molecule. Figure 3 : A molecular system for the quantum NAND tree. (a) The classical NAND tree. (b) A molecular system for the quantum NAND tree, analogous to the classical NAND tree in (a) by having the same inputs. We have added two nitrogen atoms at the leaves to avoid unstable carbon radicals. Fig. 3(b) , a conjugated molecule, represents a quantum NAND tree, analogous to the classical NAND tree in Fig. 3(a) by having the same inputs. Here, the 1D-lattice is replaced with a carbon chain. We require the transmission coefficient at E = 0 eV for the molecule in Fig. 3(b) to be close to one in order to measure the correct final NAND output (1). However, the structure of the NAND tree forces us to add two nitrogen atoms at the leaves in order to avoid unstable carbon radicals and, consequently, two site energies will differ from the rest of the NAND tree. As we saw in Fig. 2 , changing two site energies for leaf structure A will affect the NAND output.
We use the non-equilibrium Green's function (NEGF) formalism to calculate the transmission with a 1D-lattice as the electrodes, following from prior work [14] [15] . The transport calculations are performed using the TB model for the electronic structure, and we label the method as NEGF-TB. Fig. 4(a) and (b) show transmission as a function of the coupling element between nitrogen and carbon, β N C , and the site energy for nitrogen, α N , at constant energy E = 0 eV, and Fig. 4(c) shows transmission as a function of incoming energy [eV].
The NAND tree in Fig. 4(a) has the final NAND output (y = 0), which should translate to a high transmission at E = 0 eV (see Eq. 5). When the site energy for nitrogen equals the site energy for carbon, α N = α C = 0 eV, the particle is fully transmitted as expected from QST (Fig. 2) , and we measure the final NAND output (y = 0). When the site energy for nitrogen differs from carbon (which is the case in reality), α N = 0 eV, the transmitted amplitude decreases, also expected from QST, because we are varying site energies that affect the transmission coefficient. As we approach α N = −3.0 eV, we see that T = 0.04. rd generation quantum NAND trees. Calculation Details: Transmission is calculate from the NEGF formalism,
, and performed using the TB model for the electronic structure. Parameters for the 1D-lattice: α 1D = 0 eV and β 1D = −1.0 eV. Coupling elements between non-neighbour states are zero. Parameters for model: β s = −2.4 eV, β d = −2.7 eV, and α C := 0 eV [16] . The coupling element between the model and the 1D-lattice (electrodes) is γ = −1.0 eV. in the final NAND output (y = −∞) which we measure with a low transmission at E = 0 eV. When the site energy for nitrogen equals the site energy for carbon, α N = α C = 0 eV, the particle is fully reflected, T ∼ 10 −30 , as expected from QST, otherwise for α N = 0 eV, the transmitted amplitude starts to increase. At α N = −3.0 eV, however, the transmission has decreased again to T = 0.04. The transmission ratio between the NAND trees (a) and (b) is 1, thus we cannot distinguish between the outputs (0) and (1) in this limit. Fig. 4(c) also has the final NAND output (y = −∞) but since the NAND tree consists of equal site energies only, destructive quantum interference (QI) is observed at E = 0 eV, as expected from QST, given very low transmission as required. Here, the transmission ratio between the NAND trees (a) and (c) is large and one can easily distinguish between the outputs (0) and (1).
Thus, for NAND trees where variation in site energies affect the final NAND output, as in Fig. 4(a) and (b) , the magnitude of the site energy variation will determine whether we can distinguish the outputs (0) and (1) . While this results from both a reduction in the high-transmission case and an increase in the low-transmission case, the dominant contribution comes from the many orders of magnitude increase in the low transmission. The reason is that the destructive QI effects at E = 0 very rapidly looses its ability to suppress transmission with variation in site energies, as we saw in Fig. 4(b) with
just by a few eV. Destructive QI effects in acyclic cross-conjugated systems, like the structures employed here, are sensitive to variation in site energies [17] , thus, in this realisation, performance is significantly improved in NAND trees with equal site energies, as in Fig. 4(a) and (c).
TB model calculations are, however, only a very approximate description of the molecular electronic structure. We can improve this description by using density function theory (DFT), allowing us to include both σ and π electrons as well as a realistic non-planar geometry for the molecule. Fig. 5 shows the comparison between the NEGF-DFT and NEGF-TB for 1 st generation NAND molecules with linker groups to simulate the binding of these molecules to metal electrodes. The labels (0,0), (0,1), and (1,1) indicate the inputs, hence the red and blue molecules should have the final output (1) and the green molecule the final output (0), which is achieved with a high and a low transmission, respectively. Calculations Details.
(a) Transmission is calculated using the NEGF formalism,
, and performed using the DFT Hamiltonian for the electronic structure. To model exchange and correlation effects the PerdewBurke-Ernzerhof (PBE) functional [18] was used, and the wavefunctions were expanded using double-ζ polarized (DZP) basis sets. We used the code from QuantumWise atomistix toolkit (ATK). (b) Transmission is calculate from the NEGF formalism, and performed using the TB model for the electronic structure. Parameters for the 1D-lattice: α 1D = 0 eV and β 1D = −1.0 eV. Coupling elements between non-neighbour states are zero. Parameters for model: β C−C = −2.4 eV, β C=C = −2.7 eV, β C≡C = −3.0 eV, β C...C = −2.55 eV, β N C = −1.08 eV, β SC = −2.16 eV, α N = −2.7 eV, α S = −4.05 eV and α C ≡ 0 eV, as suggested in the literature [16] . Coupling elements between non-neighbour states are zero. The coupling elements between the model and the 1D-lattice (electrodes) are γ = −1.0 eV.
The molecule (1,1) consists of carbons only, thus all site energies are the same, α C ≡ 0 eV, and destructive QI is observed at E = 0 eV given very low transmission as required. In the NEGF-DFT transport calculations, the destructive QI features are also preserved during stretching and compression of the Au-S bond (see supporting information Figure  S4 ). On the other hand, the inclusion of the nitrogen atoms clearly shifts the resonances away from the Fermi energy compared with all carbon systems, as expected from QST, so the high transmission required for the molecules (0,0) and (0,1) is not so successfully achieved. The NEGF-TB ratios are large, T 1) , are 250 and 100 respectively, thus the bit values are preserved to some extent but reduced to a on/off transmission ratio. 
Molecule
A B A·B The same approach can be used to build other classical gates for quantum computing. Fig. 6 shows the classical gates, NOT, AND, and OR, their quantum structures, and NEGF-TB transport calculations to show their final outputs. The labels refer to the input for the logic gate, for example the label (−∞) for the NOT gate has input(Y = −∞) and output(Y = 0) which we measure with a high transmission at E = 0. The inputs are given at the leaves and we control the inputs by connection/disconnection states, as we did in the quantum NAND tree. 
, and performed using the TB model for the electronic structure. Parameters for 1D-lattice: α 1D = 0 eV and β 1D = −1.0 eV. Coupling elements between non-neighbour states are zero. Parameters for model: β C−C = −2.4 eV, β C=C = −2.7 eV, β N C = −1.08 eV, α N = −2.7 eV, and α C ≡ 0 eV [16] . Coupling elements between non-neighbour states are zero. The coupling elements between the model and the 1D-lattice (electrodes) are γ = −0.5 eV.
Conclusion and Perspectives
In conclusion, by analyzing the quantum NAND tree, we showed the restrictions on the TB parameters required to maintain NAND gate function. An important result was the ability to vary coupling elements without affecting the NAND gate function, which indeed is a necessary condition when moving from the model to a molecule. The site energies could also be varied to some extent but there are significant restrictions on which site energies can vary while maintaining the NAND gate function. Further, we mapped the quantum NAND tree onto a conjugated molecule. Due to the structure of the NAND tree, we replaced some carbon atoms with nitrogen atoms, and, consequently, the destructive QI at Fermi-level very rapidly looses its ability to suppress transmission. Consequently, in some cases, the NAND outputs (0) and (1) were not successfully achieved. We do, however, not consider the noise aspect of the quantum NAND tree, which can effect the QI pattern hence the final NAND outputs. Here, the dynamics of the system, Eq.(1), is assumed to be without noise and disorder. Concerning the role of static disorder and dephasing of quantum random walks on a graph can lead to the inhibition of destructive QI, with a consequence of increasing the transmission [19] [20] . This issue is one area where molecules offer an advantage. Their extremely small size means that significant interference effects can be observed at room temperature in solutions [21] [22] , that is, dephasing effects are not so pronounced.
The choice of an acyclic cross-conjugated system for the molecular realization of the quantum NAND tree yields a molecule with a Hückel Hamiltonian that was as similar as possible to the tight binding model from the original work. The problem however, is that not all of the tight-binding systems correspond to stable molecular systems without modification. The general principle of the quantum NAND tree, that QI interference effects can be switched on and off with substituents and thereby give NAND function, can of course be explored with many other systems known to result in destructive QI. Many systems have been explored for this purpose, for example, meta-substituted benzene rings, five-membered rings, and quinoidal structures [23] [24] . It remains an open question as to whether any of these systems would offer improved performance as a NAND gate, in particular offering a larger transmission ratio for the final NAND outputs.
Another challenge that remains is how best to achieve the switching behaviour, that is the change of inputs for the quantum NAND tree. Here, we demonstrated the switching behaviour of the input by connection/disconnection of substituents, which is not suitable for experiments. Soe et al. [12] suggest a switching behaviour, supported by experimental results, that could be implemented for the quantum NAND tree. They use scanning tunneling spectroscopy (STM), where the molecule of interest is physisorbed on a Au(111) surface (the π-system is preserved), and a current is tunnelling from the STM tip, through the molecule, down to the surface. As in the quantum NAND tree, the logic gate function is encoded in the transmission, and they control the inputs by contacting or detaching Au atoms at the top of the molecule.
While a practical realization of the quantum NAND tree in a molecular system remains elusive, it is clear that there is a viable strategy for future investigation. The molecular nature of quantum interference effects in molecules, with their observation in many molecular systems at room temperature, suggest that molecules should be ideal for this purpose − if the right molecular structures can be found. Chemical space is certainty vast but until recently chemists have not focused on developing chemical insight for these sort of applications. As research into quantum interference effects in molecules progresses, so too may we see the emergence of molecular candidates for quantum realization of classical logic gates, or even quantum gates.
